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Evaluation of Strain Energy Release Rates in Delaminated
Laminates Under Compression
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Various approaches to the determination of the energy release rates of compressively loaded composite laminates
are critically reviewed. These are the J integral, crack-closure integrals, and the direct method, which involves
integration of the load-end compression relationship. The J integral is found to be a reliable approximation for
the total energy release rate. The use of the crack tip stress � eld for the determination of modal contributions is
explored for cracks between plies of sameand differing material properties, respectively. The assumptionson which
this technique is based are critically examined. Finally, a new displacement based method for the computation of
modal contributions to G is proposed. This approach is found to be very reliable and provides values of GI and GII

with a relatively coarse mesh. This new technique is expected to supplant the currently used stress-based mode
separation technique.

Introduction

I N a laminated composite there are three principal failure modes:
intra-ply (transverse matrix) cracking, interlaminar matrix de-

lamination (� ber-matrix debonding), and � ber failure (including
kink band and microbuckling). Of these, interlaminar matrix de-
lamination is of major importance,1 as it is a most prevalentdamage
growth mode.2

Resistance to delamination growth is measured by the strain en-
ergy release rate, which is the energy dissipatedper unit area of de-
lamination growth. When the energy release rate is greater than the
fracture toughnessof the material, delamination growth will occur.
If the energy release rate remains greater than the fracture tough-
ness as the delamination grows, for constant loading, then unstable
growth occurs. Conversely, if the energy release rate falls below the
value of the fracture toughness, for constant loading, delamination
growth ceases. Delamination growth will then not occur unless the
load is increased.

A review of the literatureindicatesthat there are three approaches
to the determinationof strain energy release rate. These are 1) path-
independentJ integral,3 2) crack-closureintegrals that provide total
G, as well as the modal contributionsG I and G I I ,4 and 3) direct cal-
culationof G by integrationof the load-displacementrelation,using
two models containingcrack lengths of a and a C 1a, respectively.

The J integral is found to be a plausiblealternativemeasure of the
total energy release rate. However, it does not give details on mode
I and mode II contributions to the total energy release rate.5 Crack-
closureintegralsutilizecracktip stresses,as integrationis performed
overa lengththatmust tend to zero in the limit, and thedetermination
of these stresses requires a very � ne mesh. Furthermore, Sun6 has
shownthatfora bimaterialcrackthe stressvariationin the immediate
vicinity of the crack tip is oscillatory in nature, and the values of
G I and G I I as obtained by the crack-closure integrals (as given in
Ref. 4) do not converge as the crack extension 1a tends to zero.
This raises the question of the rationality and usefulnessof G I and
G I I from the standpoint of computation and prediction of crack
growth. Finally, the direct calculation of G is simple to implement
but does not provide the modal contributions on which the crack
growth criteria are based.

It is found that computations of stress-based crack-closure inte-
grals, to determine mode I and mode II energy release rates, require
an order of magnitude greater computational effort than would be
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requiredto bothdescribetheoverallstructuralbehaviorand compute
the energy release rate by the direct method. This leads to the ques-
tion of whether it would bepossibleto decomposethe displacement-
based G into G I and G I I . This paper describes a numerical case
study in which these questions are explored in depth.

Case Study
Geometry

A compressively loaded plate subject to plane strain conditions
and containing one asymmetric through-width delamination was
studied. Because of symmetry conditions,only one half of the plate
was modeled. The model represents a plate of dimensions 1 £ 1 m,
with a thickness of 0.03 m, and contained a central delaminationof
depth 0.005 m, whose initial total length was 0.3 m (Fig. 1).

Material
Figure 1 shows the axes of coordinates, x and z axes, running

along the longitudinaland transversedirections,respectively(y axis
is normal to the paper). The plate is composedof laminae with � ber
orientationsof 0 and 90 deg, de� ned with respect to the x direction.
Unless otherwise noted, all laminae have � ber orientation of 0 deg.
The laminae are assumed to be transversely isotropic with respect
to � ber axis. The material considered is Kevlar®/epoxy (E1 D 70:0,
E2 D 4:5, G12 D 2:5 GN/m2; v12 D 0:35, v23 D 0:50).

Analysis
The problem was studied using an hp-version � nite element

model developed by the authors, (which employed higher order
polynomial shape functions starting with cubics), and ABAQUS
(Version 5.6-1, licensed from Hibbitt, Karlsson, and Sorenson,
Inc.), a generalpurposecommercialpackage.The parenthp-version
model consisted of four elements obtainedby the intersectionof the
line of the crack and a line running parallel to the z axis at the crack
tip. The four elements thus obtained were further subdivided to ob-
tain models of 16 and 64 elements. The displacement functions are
in the form of Lagrange interpolationpolynomials of degree p D 3
and above. With p D 3 the degrees of freedom numbered 98, 338,
and 1226, respectively for the 4, 16, and 64 element models. The
elements used in all ABAQUS models were eight-nodebiquadratic
plane strain quadrilaterals. These models included totals of 240,
3000, and 4110 elements, and 808, 9364, and 12,792 nodes (corre-
sponding degrees of freedom: 1700, 19,048, and 25,952).

Strain-Displacement Relations
Geometrically nonlinear analyses were performed in all cases

to trace the delamination buckling growth by incorporating minute
imperfections. Two sets of strain-displacementrelations were con-
sidered in the hp version. The � rst approximation involves only a
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Fig. 1 Single delamination model (model 1).

Fig. 2 Tip de� ection vs load.

portion of the nonlinear terms. These � rst approximation strain-
displacement relations are given in Eqs. (1–3):
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The secondapproximationincludedthe completeset of nonlinear
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ABAQUS incorporatesthe full set of nonlinear terms in all cases.

Structural Response
The structural response is typi� ed by the load-end displacement

and load tip de� ection relations.Here the tip de� ections refer to the
upper and lower crack surface de� ections at the plane of symmetry
(Fig. 1). Convergenceof thesede� ectionswas studiedforboth thehp
version and ABAQUS models. Figures 2 and 3 compare the results
for two levels of discretization: four element hp-version and 240
element ABAQUS model, respectively (ne D number of elements).
These results are in close agreement and illustrate the superiorityof
the higher order elements. A linear stability analysis was also per-
formed to determinethe delaminationbucklingand overallbuckling
loads; these were found to be 1.7 MN and 5.7 MN, respectively.7

As can be seen, the de� ections of the thin top sublaminate increase
rapidly in the vicinity of the delamination buckling load (Fig. 4),
and the entireplatedevelopslargede� ectionsas the overallbuckling
load is approached (Fig. 5).

Energy Release Rate
The energy release rate is the driving force for delamination frac-

ture. A measure of the energy release rate thus provides information
on the tendency of a delamination to grow. Computed as a func-
tion of crack length, it can also be used to determine the stability
of delamination growth under constant loading conditions. In this
section the various approaches to the determination of the energy
release rates are critically reviewed.



956 JOHNSON AND SRIDHARAN

Fig. 3 End compression vs load.

Fig. 4 Delamination buckling mode.

Fig. 5 Global buckling deformation.

J Integral
The J contour integralhas beenused with some success to charac-

terize fracture in nonlinearmaterials.8 ;9 It is both an energy param-
eter and a stress intensity parameter. Rice3 idealized elastic-plastic
deformation as nonlinear elastic, forming the basis for the exten-
sion of fracturemechanics conceptswell beyond the limits of linear
elastic fracture mechanics. Elasto-plastic response may be treated
as nonlinearly elastic, as long as unloading at the crack faces may
be neglected.

Considering an arbitrary counterclockwisepath 0 around the tip
of a crack with the x and y axes given and the crack extending in
the ¡x direction, the J integral is de� ned as3

J D
0

W dy ¡ Ti
@u i

@x
ds .7/

where W is the strain energy density,u i are the displacementvector
components, ds is an incremental length along the contour 0, and
Ti are components of the pseudotractionvector, given by

Ti D ¾i j n j .8/

Here ¾i j are the components of the � rst Piola–Kirchhoff stress and
n j are the components of the normal vector to 0 (both de� ned on
the undeformed con� guration). The strain energy density may be
taken in the form

W D
²i j

0

¾i j d²i j .9/

where ¾ represents the second Piola–Kirchhoff stresses and ² the
Green–Lagrange strains.

To examine the validity of the J integral as a measure of strain
energy release rate, the J integralapproach,as outlined in Ref. 10, is
used to computethe total strainenergyrelease rate for thehp-version
model. The variation of the J integral with load (for the case study
shown in Fig. 1) is considered in Fig. 6 (designated J, hp-version).
Appropriate initial imperfections were introduced to facilitate the

Fig. 6 J integral/direct G.

transitionfrom the unbuckledto the buckledcon� guration.Figure 6
shows that the J integral,as computedby the hp-versionmethod and
the ABAQUS contour integral, agrees well with the total energy
release rate computed using the direct method of calculation (the
standard for determining the accuracy of the total energy release
rate), which will be discussed in detail in the following sections.

J integral results based on a beam/plate approach9 are also shown
inFig. 6 forreference.Althoughthismethodaccuratelypredictstotal
energy release rate near delamination buckling (which admittedly
may be the critical loading region of interest), the results otherwise
appear to differ greatly from the more reliable method of direct
calculation. Though simpler models have been utilized with some
success,11 – 13 we are unable to con� rm the results at this time.

The virtual crack extension method has also been applied14– 17 to
similarly determine the energy release rate for linear elastic, non-
linear elastic, and elastic-plasticmaterials.

Direct Calculation
As detailed, the direct calculation of the total strain energy re-

lease rate is much more reliable than those methods dependent on
the accurate representation of the crack tip stress singularity. The
total strain energy release rate is simply the measure of the energy
released for a crack extension of 1a. This is given as

G D ¡
@5

@a
.10/

For the � nite element models employed in this work, the total po-
tential energy 5 of a structure was found directly by the integration
of the load-de� ection (end compression) diagram, as in Eq. (11).



JOHNSON AND SRIDHARAN 957

Fig. 7 Direct G, hp version and ABAQUS.

Fig. 8 Convergence of direct G.

Note that P represents the applied load, 1 the end compression,
and d1 an increment of end compression:

5 D
1

0

P d1 ¡ P1 .11/

Two companion models are considered with crack lengths a and
a C 1a, respectively. The potential energies 51 and 52 of the two
models are computed, and the energy release is obtained as

G D ¡ 52 ¡ 51

1a
.12/

Results of this method, using ABAQUS and the hp-version, are
compared in Fig. 7. The results are rapidly convergent, with the
coarsest model, consistingof only four elements, producing results
of acceptable accuracy for practical applications. Even though the
desire is for 1a to be very small, for practical computations it is
reasonable to set 1a=a between 1 to 2%. Convergenceof the direct
method of calculation is considered in Fig. 8; rapid convergence,
from 1a=a D 0:5 to 3.0%, is evident. The direct method, then, is
the most reliable and robust; the value of the total energy release
rate obtained may be viewed as a benchmark value for testing the
accuracy of other approaches.

Modi� ed Crack-Closure Method: General
Irwin postulated that the energy release rate associated with a

crack extension of 1a was equal to the amount of energy required
to close the crackby an amount1a. Using a polar coordinatesystem
with the origin at the extendedcrack tip, this results in the equation4

G D lim
1a ! 0

1

21a

1a

0

¾y .1a ¡ r; 0/ Nv.r; ¼/ dr

C lim
1a ! 0

1

21a

1a

0
¿x y.1a ¡ r; 0/ Nu.r; ¼/ dr (13)

Fig. 9 Crack-closure method.

where G is the energyrelease rate,¾y and ¿x y are the stressesnear the
crack tip, Nu and Nv are the relative sliding and opening displacements
between adjacent points on the crack faces, and 1a is the crack
extension. The � rst term is equivalent to G I , whereas the second
term is equivalent to G I I .

In Fig. 9a the � rstmodelof cracklengtha is shown,alongwith the
second model of crack length a C 1a, Fig. 9b. For mode I energy
release rate ¾2 is found in the � rst model, and the corresponding
displacement in the vertical direction is found in the second model;
G I is thus evaluated. Mode II energy release rate is determined in
a similar fashion. Equation (13) assumes a linear relation between
stress and displacement, as shown in Fig. 9c for mode I. Thus, the
factor of 1

2 is introduced in the equations. Using this method, it is
also suf� cient to treat only one model, obtaining the stress variation
ahead of the crack and the displacement variation downstream of
the crack for use in Eq. (13) (which simply implies that self-similar
crack growth is assumed).

This approachdependson the accuratemodeling of the structural
behavior near the crack tip. If conventional (nonsingular) elements
are used to model the crack tip, the integrated stress distribution
obtained at the crack tip may not accurately re� ect this singularity.
The use of singular elements may provide a better estimate of this
singularity.However, the nature of this singularity in geometrically
nonlinearproblemsremainsunknown.The actual stress distribution
near thecracktipmay becapturedby theuseof nonsingularelements
and a very � ne mesh. Davidson,18 ;19 Davidson and Krafchak,12 and
Davidson et al.13 ;20 have shown some interesting results employing
a crack tip element in the study of various delamination problems.
However, the authors are hesitant to follow this approach, in part
because it involves the arti� cial adjustment of material properties
(in particular º13) to obtain convergent � nite element models.

The crack-closuremethod was employed using eight-node plane
strain quadrilateralelements in ABAQUS. The actual stresses were
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extrapolatedalong the crack tip from the Cauchy stresses computed
at the appropriate Gaussian points. The products of the stresses
and the corresponding displacements (both functions of x ) were
integrated over 1a; the result was then divided by 1a.

The reliance of this method on calculated stress values in the
immediate vicinity of the crack tip calls into question its accuracy.
At best, this method may be an acceptable approximation for the
determinationof the energy release rates, the valuablecontributions
made by many researchers21– 23 in this area notwithstanding. To
avoid the use of these crack tip stresses, Hashemi24 and Kinloch25

suggested partitioning G on a global energy basis, as opposed to
using the local stress � eld solutions.

Sun6 has shown that the values of G I and G I I do not in fact
converge in the form of such crack-closure integrals for a crack
lying along the interface of two elastic bodies with different elastic
properties.However,hedoesshow that the total strainenergyrelease
rate G is well de� ned for this problem.

Othershave alsoprovidedinsightwith regardto bimaterialdelam-
inations.In the case of a one-dimensionaldelaminationmodel, Yin5

determined the total energy release rate by evaluating the J integral
of the postbuckling solution based on lamination theory without
knowledge of the nature or asymptotic form of the interlaminate
stress between two dissimilar layers separated by a delamination.
Suo and Hutchinson11 solved the problem of a semi-in� nite inter-
face crack between two in� nite isotropic (yet dissimilar) elastic lay-
ers under general edge loading analytically (except for a single real
scalar independentof loading,which was extractedfroma numerical
solution). Consideringmixed mode failure along a bimaterial inter-
face, Charalambides et al.26 found that a global method of analysis
based upon consideration of the applied energy release rates pro-
duced results more consistentwith experimentaldata than a method
that utilized the local singular stress � eld ahead of the crack tip.

Crack-Closure Method: Numerical Experience
Variations in the stresses in the immediate vicinity of the crack

tip are seen to exist across the spectrum of models and methods
considered in this work. Given this sensitivity, some criteria are
needed before any computed values of G I and G I I may be deemed
reliable. We propose that 1) G I and G I I must converge separately
and 2) G I C G I I , obtained from stress-basedmode separation,must
equal G , as found by the displacementbased (direct) method.

Discretization Effects: Illustrations
In this section we examine the effect of mesh re� nement on the

mode separation results. It is � rst necessary to establish the validity
of the mode separationresults, compared to the direct calculationof
the energy release rate. Because it is known that the higher level of
discretizationwill be necessary for mode separation, this compari-
son is made for the ABAQUS model containing 4110 elements. In
Fig. 10 the comparison is made between the mode separationresults
using two models (G I C G I I ) and the direct calculcation G .

Fig. 10 Total energy release rate comparison: G D and GI;¾ ++ GII;¾ .

Figure 10 shows that this degree of mesh re� nement captures the
total energy release rate (G I C G I I ) with suf� cient accuracy,as it is
close to that of the method of direct calculation, even well beyond
the range of loading of interest.The actual stress distribution is best
captured by nonsingular elements and a very � ne mesh.

The hp-version � nite element method developed for this work
contained varying mesh re� nements, including 4, 16, and 64 el-
ement models. Stress-based mode separation using these models
proved dif� cult. The stress-based mode separation results of the
4 and 16 element models were meaningless. The results utilizing
the 64 element model were not signi� cantly better (Fig. 11). Evi-
dently, the mesh re� nement required to obtain values of G I and G I I

satisfying the aformentioned criteria is of an order of magnitude
higher than that required for an accurate description of the struc-
tural response. A mesh re� nement of at least 3000 elements was
necessary to get convergent and consistent values of G I and G I I .

In Fig. 12 the convergenceof the total energy release rate, as ob-
tained by the stress-basedmethod, is considered for varying 1a=a.

Fig. 11 Discretization comparison: GI;¾ ++ GII;¾ .

Fig. 12 Convergence of stress-based G: GI;¾ ++ GII;¾ .
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Again, rapid convergenceis evident.However, for this 480-element
model the stress-based method converges to an incorrect value, as
compared to the displacement-basedapproach, as shown.

We next investigate issues associated with the use of the crack-
closure method (stress-based method of mode separation).

Linearity of the Stress-Displacement Relation
One of the assumptions involved is that of a linear relation be-

tween stress and displacement, as in Eq. (13). The accuracy of this
assumption was investigated in detail, as the present problem is
clearly nonlinear. The stress-displacementrelations did indeed fol-
low a sensibly (stepwise) linear relation throughout the range of
loading. Thus the conclusion was made that the inaccuracies pro-
duced by the use of the crack-closure integrals were caused by the
inaccurate representation of the crack tip stresses and the inherent
mesh dependency of these stresses.

Bimaterial Crack
One of the bimaterial laminates considered was a crossply lam-

inate containing six layers of kevlar/epoxy laminae [0==90=0=0=
90=0] (where == signi� es the location of the delamination), with di-
mensions as in Fig. 1. The delaminationwas locatedbetween layers
1 and 2 (across the 0=90 interface). These thick laminae served to
accentuate the bimateriality of the laminate. The total energy re-
lease rate obtained via stress-based mode separation (for three lev-
els of discretization) is compared to that of the direct calculation in
Fig. 13.

The values of G I and G I I are found to converge separately7 (not
shown), and the values obtained for the 3000 and 4110 element
models, respectively, were shown to be in agreement with an error
of less than about 1% However, the correspondingvalues G I C G I I

are higher than the total G, as obtained by the direct method, by
about 20% for loads just beyond the critical load. This points to
the basic underlying problem associated with mode separation for
bimaterial cracks.

As the thicknesses of the plies were made smaller, however, this
differencediminished.As the numberof plies increased,G I and G I I

could be predicted with the material appropriately homogenized7

with the predictions satisfying our criteria 1) and 2). These results
indicate that G I and G I I may be more well behaved in the context
of engineering computation than presaged by the work of Sun.6

Further, in a majorityof practical cases, the laminate is composedof
numerous layers, and for such cases G I and G I I can be determined
uniquely and thus do appear to have practical signi� cance.

Displacement-Based Mode Separation:
A New Approach

The inherent dif� culties associated with the evaluation of the
crack-closure integrals are well known. However, no alternative

Fig. 13 Bimaterial crack: G D and GI;¾ ++ GII;¾ .

method of mode separation is currently available in the literature.
If a new approach were to be formulated, it would need to avoid
the dif� culties encounteredin the use of the crack-closureintegrals.
This section presents such a new method.

It is possible to compute the mode I energy release rate directly
by suppressingthe mode II contributionand vice versa by an appro-
priate conditioning of the crack tip. We consider two models with
half-crack lengths of a=2 and .a C 1a/=2, as before. To ensure that
the derivative @5=@a exists across the crack tip, we need to en-
sure that the crack extends with the crack tip conditions unaltered.
A step-by-step procedure for the determination of G I and G I I is
outlined next.

Analysis of Model 1
Figure 14 shows model 1, which represents one-half of a delam-

inated plate with half-crack length of a=2. (Figure 14 presents only
selected elements near the crack tip.) The nonlinear analysis of the
model under prescribedload P is performedas before, but with one
vital difference.To determineG I , we now impose the conditionthat
the relative displacement u between the pairs of nodes on opposite
faces of the crack be set to zero over a small length of 1a=2, mea-
sured from the crack tip. The potential energy (51) of this structure
is then computed for varying values of P .

Analysis of Model 2
We now consider a model with the crack tip extended by an

amount 1a=2 (see model 2 in Fig. 14). Nonlinear analysis is once
again performed, but now the restraint 1u D 0 is imposed over a
length 1a, starting from the crack tip. The potential energy (52 )
of this structure is then computed for the same values of P as for
model 1.

Fig. 14 Restrained models 1 and 2.
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Determination of GI and GII

The strain energy release rate in this case is equal to G I , which
is given as

G I ;1 D ¡15

1a 1u D 0

D ¡52 ¡ 51

1a 1u D 0

.14/

To determine G I I , the procedure is repeated with the restraint
1v D 0. The energy release rates thus obtained are denoted as G I;1

and G I I ;1 . These are distinguishedfrom the stress-basedmode sep-
aration values, designated as G I;¾

and G I I ;¾ :

G I I;1 D ¡15

1a 1v D 0

D ¡52 ¡ 51

1a 1v D 0

.15/

Fig. 15 (GI; D ++ GII; D ) and G.

Fig. 16 Displacement- and stress-based GI , GII.

Fig. 17 Displacement-based (GI; D ++ GII; D ): homogeneous.

Veri� cation
The displacement-basedmode separationtechniquemay be veri-

� ed against the displacement-based,or direct,methodof calculation
of the total energy release rate. To accomplish this, the mode I and
II contributions obtained via the displacement-based method are
summed and compared to the total energy release rate found by di-
rect calculation.As an example, we consider once again the kevlar/
epoxy [0]30 laminate (ABAQUS) model consisting of 4110 ele-
ments. The total G as obtained in this fashion (G D G I ;1 C G I I;1 )
is compared to the total energy release rate found by the direct
method in Fig. 15. This new method of mode separation reasonably
calculatesthe total energyrelease rate for this level of discretization.

Figure 16 compares the mode I and mode II contributions ob-
tained by this method to those found by the stress-based method
of mode separation (which has been shown to be highly sensitive
to the computation of the crack tip stress � eld). In the immediate
vicinity of delamination buckling, there are some noticeable differ-
ences in the results of the two approaches.For both G I and G I I the
displacement-basedapproach produces values less than that of the
stress-basedapproach.This is reasonablebecausethe displacement-
based approach imposes restraints that are never cancelled.

It is easy to infer that the displacement-basedmode separation is
much more robust and reliable compared to the stress-basedmethod
of mode separation. The real test of this method is whether or not
a lesser re� ned mesh can produce similar results using the same
approach.The stress-basedmethod is only accurate with a very � ne
mesh re� nement (as it relieson the accuratemodelingof the stresses
near the crack tip). If the displacement-basedmethod can produce
good results with a signi� cant reduction in computationalcost, then
clearly this new method has great potential. This method does not
rely on the accurate representationof the integratedstressesnear the
crack tip; it relies on an accurate estimate of the overall behavior of
the structure, and thus it should be possible to signi� cantly reduce
the computationaleffort in assessing the modal contributionsto the
energy release rate.

To this end, a much coarser 480-element model was created to
study the problem. The mesh near the crack tip was as � ne as was
required to impose the necessary constraints on the displacements
in order to isolate G I and G I I . This model containedapproximately
1
8 the number of degrees of freedom of the 4110-element model,
representing a signi� cant reduction in mesh re� nement, as well as
computationalcost. Using the displacement-basedmethod, the val-
ues of G I and G I I were recovered without noticeable loss of accu-
racy. Further,G I ;1 and G I I ;1 were foundto convergeseparately(not
shown). The displacement-basedmethod was also found to produce
excellentresults for the total energyrelease rate (G I ;1 C G I I;1 ) with
a much less re� ned mesh (Fig. 17). Again, the 480 element model
contained 1

8 the number of degrees of freedom and took approxi-
mately 1

10 of the CPU time of the 4110-elementmodel. The method
is clearly robust and does not require the � ne mesh and high level of
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computational effort required by the stress-based method of mode
separation.

Bimaterial Crack
This method was also veri� ed for a bimaterial crack, again con-

sideringthe crossplylaminatecontainingsix layersof Kevlar/epoxy
laminae [0==90=0=0=90=0] with dimensionsas in Fig. 1. The stress-
basedmethodagainproducedslightlyhigher results for G I and G I I ,
and the greatest discrepancy was in G I .

Fig. 18 Displacement-based (GI;D ++ GII; D ): bimaterial.

Fig. 19 Displacement-based JI; D : homogeneous.

Fig. 20 Displacement-based JII; D : homogeneous.

Onceagainthemodal contributionsG I;1 and G I I;1 were summed
and compared to G obtainedby the direct method.Two levels of dis-
cretization were employed as before, these consisting of 4110 and
480 elements. Note that these results (Fig. 18) are in close agree-
ment, indicatingconvergence.Again the sum(G I;1 C G I I;1 ) is close
to but slightly lower than the unrestrained displacement-based G,
whereas the stress-based (G I;¾ C G I I;¾ ) was higher. For computa-
tion of mode I and mode II energy release rates, the displacement-
based method is more reliable than the stress-based approach.

It appears that a conservativepredictioncan always be obtained if
G and G I I are evaluated by the displacement-basedapproach, and
G I is found as G I D G ¡ G I I . This result will produce a slightly
exaggerated value of G I , and because G I governs the crack growth
predictions, the prediction will be somewhat conservative.

A related application of the new method involved the imposi-
tion of the appropriatedisplacement restraints to provide the modal
contributions,as computed utilizing the J integral (in effect, JI and
JI I ). The J integral is utilized in this fashion to obtain mode I and
mode II energy release rates, as well as the summed total. These
results are portrayed in Figs. 19–24 for the homogeneous and bi-
material [0==90=0=0=90=0] laminates, as obtained from the 480-
element model. JI;1 and G I;1 are seen to be nearly coincident, as
are JI I ;1 and G I I;1 (and thus the respective summed total energy
release rate) for the homogeneouslaminate. For the bimaterial lam-
inate JI;1

and G I;1 differ slightly as the overall buckling load is
approached, whereas JI I ;1 and G I I ;1 are coincident. These results
lend credence to the displacement-based method and offer an al-
ternative approach to its application, in that the path-independent
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Fig. 21 Displacement-based (JI; D ++ JII; D ): homogeneous.

Fig. 22 Displacement-based JI; D : bimaterial.

Fig. 23 Displacement-based JII;D : bimaterial.

Fig. 24 Displacement-based (JI;D ++ JII; D ): bimaterial.

J integral is used to determine mode I and mode II energy release
rates.

The newdisplacement-basedmethodofmodeseparationhasbeen
veri� ed for use in homogeneousand bimaterialcracks. In both cases
this new method resulted in an order of magnitude reduction in
computational effort as compared to the stress-based method of
mode separation. In addition, the method is robust, and one can be
quite con� dent in applying it to homogeneous,as well as bimaterial
cracks, something that cannot be said of the stress-basedmethod of
mode separation.

Conclusions
The direct method of calculation of the energy release rate has

been shown to be robust and reliable. The fact that the method is
displacement- not stress-based gives its use credence. For a coarse
mesh the total energy release rate may be found accurately with
minimal computational effort. Although there exist other methods
to compute energy release rates, the direct calculationof the energy
release remains the most reliable method for determining the total
energy release rate of a laminate.

Accurate (stress-based) mode separation is extremely dif� cult,
even for a crack that exists between similar materials. The results of
thismethod shouldalwaysbeveri� ed againstthatof thedirectcalcu-
lation of the total energy release rate to certify the mesh re� nement
used in a � nite element analysis. A very � nely discretized mesh is
necessary to obtain accurate results, and this limits computational
ef� ciency.

For a bimaterial crack, stress-based mode separation has been
shown to produce acceptable estimates of the energy release rates.
However, the bimaterial stress-based mode separation results were
not as accurate as for the homogeneouscase, and this was due to the
inaccurate modeling of the stresses across the bimaterial interface.
Although the stress-basedmode separationmethod may be used for
bimaterial cracks, it must be used with caution and only when the
method is again veri� ed against the results of a direct calculationof
total G.

A new method of mode separation has been developed: It is
displacement-basedand therefore avoids the dif� culties associated
with the use of the crack closure integrals.The method does slightly
underestimate the total energy release rate, as found by the direct
method in the unrestrainedcase. This underestimation is caused by
the restraints imposed, which develop a moment that acts to inhibit
crackgrowth.However, the method is robust, and it certainlyis more
reliable than the stress-basedmethod of mode separation.Its use re-
sulted in an order-of-magnitude reduction in computational effort
as compared to the stress-based method. The method was effective
for both homogeneous and bimaterial delaminations.

The J integral is found to be a reliable and effective measure of
the total energy release rate for both homogeneous and bimaterial
delaminations.A relatedapplicationof the new method involved the
imposition of the appropriatedisplacement restraints to provide the
modal contributions as computed utilizing the J integral (in effect,
JI and JI I ). This also proved to be a robust and effective method of
mode separation, for both homogeneous and bimaterial delamina-
tions. To the best of the authors’ knowledge, the J integral has not
been employed in this fashion to obtain mode I and mode II energy
release rates.
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